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A thin soft elasto-plastic interphase between two diﬀerent media is under consideration. The intermediate layer is assumed to be of
inﬁnitesimal thickness and is modelled by non-linear transmission conditions which incorporate the elasto-plastic material behaviour of
the layer. FEM analysis of a bimaterial structure with such an imperfect elasto-plastic interface shows the eﬃciency of the approach and
illustrates some restrictions of its application.
 2006 Elsevier Ltd. All rights reserved.
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Thin interphases appearing in dissimilar bodies such as
composite structures with adhesively bonded materials
may signiﬁcantly inﬂuence the whole spectrum of struc-
tural parameters: strength, dynamics, fracture, lifetime,
and so on. Recently, signiﬁcant eﬀorts have been done to
clarify various phenomena connected with the so-called
elastic imperfect interface approach. It consists of replacing
the real thin interphase between two diﬀerent materials by
an inﬁnitesimal layer of zero thickness. This layer is then
modelled by special transmission conditions which incor-
porate information about geometrical and mechanical
properties of the thin interphase. At ﬁrst, such proposed
conditions were based on phenomenological approaches
and have been suﬃciently exploited (see [1–3] among others
and the respective references). Later, various imperfect
transmission conditions have been evaluated by asymptotic
methods in [4–7] for diﬀerent types of interfaces and mate-
rials. The accurate asymptotic behaviour of solutions of
interface crack problems at the imperfect interface formu-0263-8223/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.compstruct.2006.05.017
* Corresponding author. Tel.: +48 17 8651660; fax: +48 17 8543116.
E-mail address: miszuris@prz.rzeszow.pl (G. Mishuris).lation has been investigated in [8–10] where it has been
shown that the behaviour may be very complicated and
essentially depending on the material and geometrical
properties of the imperfect interfaces. Possible error esti-
mates and ranges of the edge zone eﬀects connected with
utilisation of the imperfect models have been discussed in
detail in [11,12] by FEM analysis. This short review shows
that elastic imperfect interfaces have been intensively inves-
tigated in diﬀerent directions.
However, thin elasto-plastic interfaces play even a more
important role in real applications [13] and results which
are obtained up to now are absolutely insuﬃcient and are
mainly concentrated on problems of thin plastic interpha-
ses between stiﬀ adherends [14,15].
In the present work, imperfect transmission conditions
for a soft elasto-plastic interphase are discussed. The inter-
face is described by Hencky’s deformation theory model.
Only the main terms, i.e. zero-order expressions, of the
asymptotic analysis are considered. Respective transmis-
sion conditions are naturally non-linear. Higher-order
expressions can be later much easier constructed contin-
uing the asymptotic procedure from the respective linear
boundary problems. Numerical examples based on an
accurate ﬁnite element simulations show the high eﬃciency
362 G. Mishuris, A. O¨chsner / Composite Structures 80 (2007) 361–372of the approach, in spite of the fact that the deformation
theory has its own strong restrictions.Fig. 1. Schematic representation of the problem, evaluation paths and
boundary conditions of the investigated structure.2. Description of the thin elasto-plastic interface
Let us ﬁrst consider only the elasto-plastic interphase
and assume that its material behaviour can be modelled
by Hencky’s law [15,16]:
e ¼ 1 2m
E
r; De ¼ /þ 1
2l
 
Dr; ð1Þ
where m is Poisson’s ratio, l and E are the shear and
Young’s modulae of the material in the elastic regime
(E = 2l(1 + m)). As usual, the ﬁrst invariants of the strain
and stress tensors are denoted by e and r. Furthermore,
De and Dr are deviators of strain and stress, respectively,
while J2(e) and J2(r) are their second invariants.
Function/ is known inEq. (1) and it is assumed todepend
only on the second invariant of the strain deviator [15]:
/ ¼ /ðJ 2ðeÞÞ; ð2Þ
where /(t) = 0 holds within the elastic region (t 6 J2(ecr),
ecr: initial yield strain tensor). It is well known that such
a model appropriately describes only monotonic or nearly
monotonic loading and, in fact, constitutes one of the non-
linear elasticity models [15,17]. It can be rewritten in the
elasticity-like form after transformations as
rij ¼ 2~leij þ ~kedij; i; j ¼ 1; 2; 3; ð3Þ
where the generalised Lame´’s coeﬃcients are introduced by
the following formulae:
~lð/Þ ¼ 1
2
/þ 1þ m
E
 1
;
~kð/Þ ¼ 1
3
/þ 1þ m
E
 1 3m
1 2mþ /
E
1 2m
 
:
ð4Þ
Let us note that these coeﬃcients simply coincide in the
pure elastic regime (/ = 0) with the respective elastic
Lame´’s parameters:
~lð0Þ ¼ l ¼ E
2ð1þ mÞ ;
~kð0Þ ¼ k ¼ mEð1þ mÞð1 2mÞ : ð5Þ
Using notations (4), the generalised Poisson’s ratio can be
deﬁned in the following manner:
~mð/Þ ¼
~kð/Þ
2ð~kð/Þ þ ~lð/ÞÞ ¼
3mþ /E
3þ 2/E : ð6Þ
In [18], new transmission conditions which describe the
behaviour of a ﬂat thin elasto-plastic interphase of constant
thickness situated between two diﬀerent materials have
been evaluated by means of asymptotic techniques for a
plane strain state. The only restriction to the model was
that the adherends should be essentially stiﬀer than the
interphase itself in all regimes (elastic or plastic ones).
Assuming that the interface middle line is y = 0, the condi-
tions take the following non-linear form [18]:½rxy  ¼ 0; ½ry  ¼ 0; ð7Þ
F xð½ux; ½uy Þ ¼ rxy ; F yð½ux; ½uy Þ ¼ ry ; ð8Þ
where [f] = f(x, 0+)  f(x, 0) is the jump of the function f
along the inﬁnitesimal interface y = 0. The functions on the
left-hand sides of Eq. (8) are deﬁned from the generalised
Lame´’s coeﬃcients (20) given in Appendix, where the main
ideas of the asymptotic analysis to evaluate the transmis-
sion conditions (7) and (8) are presented.
It is important to note that the transmission conditions
(7) and (8) correspond to the main (zero-order) term of the
asymptotic procedure. Next terms are also possible to con-
struct. Moreover, they have to be found from solutions of
the consequent linear boundary value problems for the cor-
responding degree of approximation. However, whereas it
is also easy to prove the estimate of such an approach
which is terminating the procedure at any step in the case
of linear elasticity, the elasto-plastic interphase is a much
more complicated problem due to the material non-linear-
ity. In such cases, FEM analysis of modelling problems is
the most eﬀective way to check applicability of the trans-
mission conditions and to discover its restrictions. This
approach is utilised in the following.
3. Numerical examples
3.1. Metallic joints
The geometry of the sample and loading conditions are
shown in Fig. 1. The real elasto-plastic behaviour of the
aluminium alloy AlCuMg1 [19] is assigned to the metallic
adherends which are adhesively bonded by the interface
and it is assumed that both are identical with Young’s
modulae E± = 72,700 MPa and Poisson’s ratio m± = 0.34.
The geometrical dimensions are L = 10 mm, H = 1 mm
and 2h = 0.01 mm. As a result, the value of  = 2h/
H = 0.01 can be considered as the small parameter.
Two diﬀerent elasto-plastic interphases are considered: a
linear hardening material model and an elastic-perfectly
plastic material. Corresponding material parameters are
described in Fig. 2(a). Namely, elastic parameters of the
interphases are the same: E = 813 MPa, m = 0.3. In the
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Mises stress of value kt,0 = 50 MPa, the constant hardening
modulus Ep = 81.3 MPa is prescribed for the hardening
material and kt = kt,0 for the ideal plasticity case. Let us
underline that all commercial FEM codes are based on
the more general theory of plastic ﬂow [15–17]. As it has
been mentioned above, the results with these models (plas-
tic ﬂow and deformation theories) coincide only under
monotonic or nearly monotonic loading. Because of this,
only monotonic external loading is applied in the modelling
approach (Dirichlet boundary condition at the top of the
sample).
The respective functions / involved in the deformation
theory Eqs. (1) and (2) have been calculated by the given
interphase properties of the ﬂow theory [15,16] and its
graphs are shown in Fig. 2(b). Furthermore, it was
assumed in both cases that the elasto-plastic material is
obeying the Huber–Mises yield criterion.
The commercial ﬁnite element code MSC.Marc is used
for the simulation of the mechanical behaviour of the mod-Fig. 3. Two-dimensional FE-mesh: strong melling thin intermediate elasto-plastic layer between two
elastic adherends. The two-dimensional FE-mesh is built
up of four-node, isoparametric elements with bilinear inter-
polation functions. In order to cover all possible edge
eﬀects [12] (cf. Fig. 1, left and right hand side of the inter-
phase), a strong mesh reﬁnement is performed in these
regions, Fig. 3. The density of the elements along the inter-
phase is shown in Fig. 4. Furthermore, the mesh is gener-
ated in such a way that it is possible to evaluate the
displacements and stresses along the axes of geometrical
symmetry, and along all the interfaces between the inter-
phase elasto-plastic material and the adherends as well as
along the lines parallel and perpendicular to the interfaces
and lying within the interphase layer.
3.1.1. Elasto-plastic interphase with hardening law
3.1.1.1. Simple tensile loading. A simple monotonic tensile
loading (ux(x,H/2) = 0,uy(x,H/2) = vy) is applied to the
top of the bimaterial sample in the range from 0% to
0.6% of vy/H in 100 incremental steps.esh reﬁnement in the investigated area.
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364 G. Mishuris, A. O¨chsner / Composite Structures 80 (2007) 361–372First of all, distributions of all displacements and stress
components in direction perpendicular to the interface
through the whole sample in its middle part (along the line
A cf. Fig. 1) are shown in Figs. 5 and 6. Results presented
in Figs. 5(a) and 6(a) correspond to the elastic regime while
Figs. 5(b) and 6(b) are valid for the plastic deformation. As
one can see, stresses within the interface are constant
whereas the displacements are linear functions which com-
pletely coincides with the theoretical predictions. As a
result, equivalent Huber–Mises stress and the equivalent
plastic strain do not change within the interphase in direc--0.2
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Fig. 5. Displacement distribution along line A (cf. Fig. 1) for an elastic and plas
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adherends).tion perpendicular to its boundaries (for a ﬁxed x). Its var-
iation along the middle line of the elasto-plastic interphase
is presented for several increments in Fig. 7.
Due to the symmetry of the loading and the sample
geometry, two of the transmission conditions, i.e.
[rxy] = 0 and Fx([ux], [uy]) = rxy, are satisﬁed identically
because of [ux] = 0 and rxy = 0 holds in this case. The
remaining two conditions [uy] = 0 and Fy(0, [uy]) = ry have
to be veriﬁed. The ﬁrst one is the same as in the case of the
pure elastic imperfect interface [11], has the same order of
accuracy as discovered in [11] and, because of this, it is of
less interest in comparison with the second one.
In Fig. 8(a), comparisons of the left and right hand sides
of the condition Fy(0, [uy]) = ry are presented. The traction
is drawn by the solid line while the values of the left-hand
side function in (8)2 is depicted by circles in several points.
The visible plastic zone appears in the middle of the inter-
face at the 30th increment with a deformation ratio of vy/
H = 0.18%. The accuracy of the evaluated transmission
condition (8)2 is in the same range as it has been checked
for the pure elastic interface [11]. Moreover, the region
where the transmission conditions are valid does not
change practically regardless the interphase material is in
the elastic or plastic region, Fig. 8(b). To highlight this fact,
a magniﬁcation of the same functions as in Fig. 8(a) is
presented in Fig. 8(b). A 1% accuracy criterion has beenline A
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conditions. The regions are of 2–3 thickness of the inter-
phase. It is also important to note that the plastic zones
appearing near the free edges are very small and are invis-
ible in the scale of Fig. 8(a). The zone where the transmis-
sion conditions are not longer valid coincides more or less
with the range of the singularity dominated domains for
the elastic interface [12] and becomes to be smaller with
accumulated plastic deformation.
3.1.1.2. Combined loading. Now we apply to the top of the
specimen a combined loading in such a way that in y-direc-
tion the same displacement is prescribed whereas in the per-
pendicular direction there is also a non-zero monotonic
loading: (ux(x,H/2) = vx,uy(x,H/2) = vy) in the same
ranges from 0% to 0.6% for vy/H and vx/H, respectively,
in 100 incremental steps.
In this case, the same particularities can be observed
with respect to distributions of the displacements and stres-
ses inside the thin interphase and outside the interphase
within the surrounding materials. In Fig. 9, the results con-
cerning Huber–Mises stress and equivalent plastic strain
are presented in the same way as it has been done in
Fig. 7. A slightly diﬀerent behaviour can be observed whichshows now the inﬂuence of the additional secondary load-
ing in x-direction.
A more interesting question is about the validity of the
transmission conditions. Now both of them are not trivial.
Moreover, a second non-zero jump [ux] is presented in the
functions Fx, Fy appearing in the transmission conditions
(17). It is interesting to note that the validity region is at
least not smaller than in the case of the simple tensile load-
ing. To manifest this, we present Fig. 10 where the same
values are depicted as in Fig. 8.
The same accuracy for the evaluated transmission con-
ditions arises for the second transmission condition dealing
with the jump [ux]. We skip this picture only because it can-
not be compared with the case of the simple tensile loading.
One of the crucial points to underline is the fact that the
stress-strain state of the 2D bimaterial structure under con-
sideration is not pure monotonic due to the deﬁnition in
[15]. Thus, it would be natural to expect a more essential
diﬀerence between the numerical model based on the plas-
tic ﬂow theory and the analytically predicted interfacial
conditions based on the deformation theory in comparison
with the accuracy observed for the pure elastic interface.
However, as it follows from the results presented in Figs.
8 and 10, the accuracy of the transmission conditions is
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of the deformation theory. However, this is only true for a
hardening interphase law. It will be shown in the following
that the results are slightly worse in the case of perfect plas-
ticity. It should be noted here that the adherends remained
in the pure elastic regime at any stage of the applied
deformation.
3.1.2. Elasto-plastic interphase with perfect plasticity
3.1.2.1. Simple tensile loading. In this case, also the same
monotonic tensile loading (ux(x,H/2) = 0,uy(x,H/2) = vy)
has been applied to the top of the bimaterial sample in
range from 0% to 0.4% of vy/H in 200 incremental steps.
Because of the perfect plasticity law in the plastic region,
one should increase the accuracy of the calculations.
The results concerning the behaviour of the solution
within the interphase in direction perpendicular to the glue
line (y = 0) are similar to those shown in Figs. 5 and 6 at
point x = 0 and hold without any conceptual change (con-
stant stresses and linear displacements at each increment).
Distributions of the equivalent Huber–Mises stress and
the equivalent plastic strain along the middle line of the
elasto-plastic interphase (y = 0) are presented for several
increments in Fig. 11. One can clearly observe the ideal
plasticity plateau starting from a total deformation of vy/
H = 0.14%.The veriﬁcation of the transmission condition (8)2 in this
case is presented in Fig. 12. Still very good agreement with
the theoretical results can be observed over the whole range
of the interface.
3.1.2.2. Combined loading. Let us now consider a combined
loading. In this case it will be a monotonically increasing
external loading (ux(x,H/2) = vx,uy(x,H/2) = vy) applied
to the top of the bimaterial sample in the same range from
0% to 0.4% for vy/H and vx/H, respectively, in 200 incre-
mental steps.
We also restrict ourselves to show the same results as for
the simple tensile loading case. Respective equivalent
Huber–Mises stress and equivalent plastic strain curves are
presented in Fig. 13, whereas the veriﬁcation of the validity
of the transmission conditions can be done based in Fig. 14.
A very important diﬀerence in comparison with the
hardening law can be observed in the case of the ideal plas-
ticity law. Namely, the region where the transmission con-
ditions are valid is smaller than that in the case of the
hardening plastic law (compare Figs. 8(b) and 10(b)) and
this region essentially depends on the level of plastic defor-
mation (compare Figs. 12(b) and 14(b)). To clarify the dif-
ference, some estimates of the zone ends have been
presented in Table 1 for the hardening and the ideal plastic-
ity law for diﬀerent levels of the deformation. However, in
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slightly better results for the applicability of the transmis-
sion conditions. This is an important result. First of all
because a combined external loading is more frequent in
technical applications. On the other hand, it shows that
the worse accuracy appears in simple loading cases which
researchers usually apply for testing.
3.2. Fibre reinforced plastics
All previous simulations and evaluations were performed
for adhesively bonded metallic joints made of aluminiumadherends. In the following sections, typical material
parameter sets taken from the context of ﬁbre-reinforced
plastics (FRP) were assigned to the same ﬁnite element
model as described in Section 3.1. For simplicity, the ﬁbres
were assumed to reveal an isotropic, homogeneous and lin-
ear-elastic behaviour and possible eﬀects resulting from cur-
vatures were neglected in order to compare the results with
ﬁndings obtained in the previous section. For both types of
ﬁbres, i.e. glass and carbon, the interphase consists of the
same elasto-plastic epoxy matrix with elastic constants
E = 3000 MPa and m = 0.4 [20]. The plastic parameters of
the interphase, i.e. initial yield stress kt,0 = 45 MPa and
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Fig. 14. Determination of the validity of the transmission condition for an elasto-plastic interphase (ideal plasticity interphase; combined loading;
aluminium adherends).
Table 1
Validity of the transmission condition in terms of d/(2h) for metallic joints
Deformation 0.12% 0.22% 0.6%
Hardening
Simple tensile 1.81 1.93 3.45
Combined loading 1.82 1.90 3.01
Ideal 0.1% 0.16% 0.4%
Simple tensile 1.78 82.35 118.6
Combined loading 1.82 1.80 94.2
368 G. Mishuris, A. O¨chsner / Composite Structures 80 (2007) 361–372linear hardening modulus Ep = 2200 MPa were taken from
Ref. [21], cf. graphical representation given in Fig. 15a).
The respective function / involved in the deformation
theory Eqs. (1) and (2) has been calculated by the given
interphase properties of the ﬂow theory [15,16] and its
graph is shown in Fig. 15(b). Furthermore, it was assumed
that the elasto-plastic matrix is obeying the Huber–Mises
yield criterion.
3.2.1. Glass ﬁbres and epoxy matrix
In the following section, a typical material set for glass
ﬁbres, i.e. E± = 66,500 MPa and m± = 0.23 [22], is consid-
ered. The same external monotonic tensile loading as in
the case of metallic joints (vy/H = 0.006) is applied in 100
incremental steps. Fig. 16 shows the distribution of equiv--
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Fig. 15. (a) Material parameters of the interphase for ﬁbre reinforced plalent Huber–Mises stress and strain along the middle line
(y = 0) of the elasto-plastic interphase for diﬀerent levels
of deformation. Comparing this ﬁgure with the results
obtained in the previous section (cf. Fig. 7), one can
observe that the behaviour is quite diﬀerent. Namely, a
practical constant behaviour for both quantities is obtained
over a wide range of the interphase for the ﬁbre–matrix
structure. In addition to that, small maxima occur now
close to the free surface while the material set for the metal-
lic structure reveals its maximum in the middle where
x = y = 0 holds.
Comparing the results for the equivalent plastic strains
(i.e. Figs. 16(b) and 7(b)), one can see that the level for
the plastic strain is much lower in the case of the ﬁbre–
matrix material set which is a direct result of the chosen
material parameters. Despite the lower initial yield stress,
ﬁrst plastic deformation occurs a few increments later in
the case of the ﬁbre–matrix material because the equivalent
yield stress is much more homogeneously distributed over
the length of the interphase.
The validity of the transmission condition is shown in
Fig. 17. As can be seen, a perfect fulﬁlment is again
obtained over the range presented in Fig. 17(a). Looking
at the magniﬁcation shown in Fig. 17(b), one can observe
that the range of the validity decreases from x  4.9 (cf.
Fig. 8(b)) to x  4.5 compared to the metallic conﬁgura-
tion. This is an important information in order to decide0.0001
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introduced in an improved numerical approach. Neverthe-
less, a range of x  4.5 for the validity is from a practical
point of view still quite good.
3.2.2. Carbon ﬁbres and epoxy matrix
A typical set for carbon ﬁbres (E± = 227,000 MPa and
m± = 0.3 [20]) is assigned for the adherends in the following
section. In order to obtain comparable values for the equiv-alent plastic strain, the maximum evaluated external dis-
placement is limited to vy/H = 0.0018. As in the previous
example of a ﬁbre reinforced plastic, a homogeneously dis-
tribution of the equivalent stress and strain is obtained, cf.
Fig. 18.
Looking at Fig. 19 which illustrates the validity of the
transmission condition, one can see that a validity region
(x  4.95) is signiﬁcantly larger than in the case of the
glass–ﬁbre material set and now comparable to the values
Table 2
Validity of the transmission condition in terms of d/(2h) for ﬁbre
reinforced plastics (hardening)
Material Deformation 0.12% 0.30% 0.6%
Glass–glass Simple tensile 51.74 56.42 56.55
Deformation 0.06% 0.084% 0.18%
Carbon–carbon Simple tensile 4.32 4.57 5.13
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the same range compared to the metallic joints could be
obtained even though the material properties for the inter-
phase and the level of the external loading are quite
diﬀerent.
The normalised values for the validity of the transmis-
sion conditions for ﬁbre–matrix material sets are summa-
rised in Table 2. As can be seen, the much stiﬀer carbon
ﬁbre reveals results comparable to the metallic joint set
and signiﬁcantly better than the glass ﬁbre. Reminding that
the interphase material was the same for both ﬁbre–matrix
cases, one can see that the stiﬀness ratio between interphase
and joint materials directly inﬂuences the validity of the
transmission conditions.
4. Discussions and conclusion
The very good accuracy of the presented approach will
enable the introduction of novel ﬁnite elements for thin
interphases. Later, we concentrate on the weak side of
the method and its respective restrictions.
It follows from Eqs. (6) and (11) that m 6 ~mð/Þ 6 1=2
and ~mð/Þ ! 1=2 for /!1. Hence, it may happen for
large plastic deformations that the generalised Poisson’s
ratio will approaches its maximal value of 0.5 and, as a
result, the transmission conditions evaluated here should
be used with a reservation as it follows from the results
obtained in [23] for the weakly compressible soft elastic
interface. Nevertheless, if Poisson’s ratio of the elasto-plas-
tic interphase is suﬃciently smaller than 0.5 in the elastic
regime, then in the range of usual plastic deformations,
the transmission conditions which were evaluated in the
paper can be applied.For example, the maximum value of the generalised
Poisson’s coeﬃcient (6) in the numerical simulation for
the 100th increment with a deformation ratio of vy/
H = 0.6% (hardening case) takes the value ~m ¼ 0:47, while
~mð0Þ ¼ 0:3. Additionally, values of the generalised Pois-
son’s ratio are presented in Fig. 20 for four diﬀerent adhe-
sive materials. Three of them (hardening law and ideal
plasticity law for the interphase in metallic joints and ﬁbre
reinforced plastics) were used earlier in this paper and the
last one is from Ref. [24] where properties of real adhesive
have been discussed. One can conclude from Fig. 20 that
the ideal plasticity case is the most dangerous in the dis-
cussed sense. Also it provides the worst results with respect
to the validity of the transmission conditions (16) and (17),
cf. Tables 1 and 2.
The transmission conditions (16) and (17) which were
evaluated in the paper are non-linear and the jumps of
the displacements in diﬀerent directions with respect to
the bimaterial interface cannot, generally speaking, be sep-
arated from each other. This only occurs in the elastic
regime. Another possibility where the jumps are separated,
even under plastic regime, appears in the case of some spe-
cial loadings (simple tension or simple shear), where one of
the non-linear transmission conditions (17) is satisﬁed iden-
tically whereas the other contains on the left-hand side the
G. Mishuris, A. O¨chsner / Composite Structures 80 (2007) 361–372 371only remaining non-zero jump (generally speaking in the
non-linear form).
Additionally, to the presented analysis, investigations of
the possible singularity of the solution for a bimaterial
body with the soft imperfect elasto-plastic interface model
near the interface crack tip or near free edge should be
done. Respective results concerning pure elastic imperfect
interface have been obtained in [8–10].
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Appendix
Here, only the main ideas in a comprehensive form how
to evaluate transmission conditions (16) and (17) are pre-
sented. For more details and proof, a prospective reader
is requested to the paper [18].
Let us consider a bi-material domain with a thin elasto-
plastic layer between two diﬀerent elastic materials (Fig. 1)
which can be described by Hencky’s law (1) in such a way
that the conditions
2h ¼ 2h0; ~l ¼ ~l0; ~k ¼ ~k0; ð9Þ
are simultaneously satisﬁed with some small parameter
 1, and
h0  L; ~l0  l; ~k0  k; ð10Þ
while L is a characteristic size of the body and l±, k± are
the respective generalised Lame´’s coeﬃcients of the adher-
ends which are much higher under the same level of defor-
mation than the corresponding values of the elasto-plastic
interface. Let us note that it is suﬃcient to use instead of ~l
and ~k in estimate (9) its value in the elastic region because
0 < ~lð/Þ 6 l; k 6 ~kð/Þ < 1þ m
3m
k ð11Þ
and Poisson’s ratio of the interphase is rather diﬀerent
from zero. Moreover, one can show [18] that the function
~lð/Þ monotonically decreases, while functions ~mð/Þ and
~kð/Þ monotonically increase.
Within the interface together with Eq. (1), the equilib-
rium equations should be satisﬁed:
orx
ox
þ orxy
oy
¼ 0; orxy
ox
þ ory
oy
¼ 0; y 2 ðh0; h0Þ: ð12Þ
Along the twobimaterial interfaces between the layer and the
adherends (y = ±h0), the perfect transmission conditions
are assumed to be along the interphase boundaries true:uxðx;h0Þ ¼ ux ðx;h0Þ; uyðx;h0Þ ¼ uy ðx;h0Þ;
ð13Þ
rxyðx;h0Þ ¼ rxyðx;h0Þ; ryðx;h0Þ ¼ ry ðx;h0Þ:
ð14Þ
Following for [25], we search for a possible solution in a
form of asymptotic series:
uðx; yÞ ¼
X1
j¼0
jujðx; nÞ; rðx; nÞ ¼
X1
j¼0
jrjðx; nÞ: ð15Þ
To construct the asymptotic procedure [25], it is necessary
to collect in all equations and in the transmission condi-
tions the terms of the same order with respect to the small
parameter e and then to solve step by step the correspond-
ing boundary value problems. Thus, repeating the line of
the reasoning as in [11] one can ﬁnd the solution for the
zero-order approximation within the interface in the fol-
lowing form [18]:
½rxy y¼0 ¼ 0; ½ry y¼0 ¼ 0; ð16Þ
F xð½ux; ½uy Þ ¼ rxy ; F yð½ux; ½uy Þ ¼ ry ; ð17Þ
F x ¼ 1
2h
~lð/ðJ 2ðeÞÞÞ  ½ux;
F y ¼ 1
2h
ð~kþ 2~lÞð/ðJ 2ðeÞÞÞ  ½uy : ð18Þ
It was proven in [18] that all values within the interphase
do not depend on the variable y in the main terms, such
that J2(e) = J2(x), /(J2(e)) = /(x), and
J 2ðeÞ ¼ ½ux
2
16h2
þ ½uy 
2
12h2
: ð19Þ
Note here that functions Fx(t, Æ) and Fy(Æ, t) in (17) mono-
tonically increase with respect to the variable t.
Eqs. (16) and (17) substitute the complete system of non-
linear transmission conditions for the soft elasto-plastic
interface in a bimaterial structure.References
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